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are evaluated on the droplet surface as major forces affecting the internal motion 
of the droplet. The strength of the internal motion ranges from one order of mag- 
nitude smaller than the free stream velocity for slight surfactant contamination 
to almost a complete stop in motion for high surfactant concentration. 
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SCOPE 

It  has been indicated by many review articles that only a 
small fraction of the published experimental results in the area 
of bubble and droplet transport phenomena agrees with the 
existing theory. Experimental liquids (especially water) are very 
easily contaminated with surface active materials (surfactants), 
which alter the surface tension and, therefore, a surface tension 
gradient along the interface develops. The internal motion of 
a bubble or droplet then is retarded and the convective heat and 
mass transfer rates are reduced. 

Kintner (1963), Harper (1972), and Clift et al. (197P) have re- 
viewed the literature on the effects of surfactants on the motion 
and transport mechanism of bubbles and droplets. They have 
found that almost all the research work has been done in the 
area of surfactant cap on a bubble in creeping flow condi- 
tions. 

A comprehensive understanding of the role played by the 
monolayer surfactants on the fluid motion and the transport 
mechanisms of bubbles and droplets under phase change in high 
Reynolds number flows is of fundamental importance. For ex- 

ample, it will shed light on the following processes: the ab- 
sorption of pollutant species by the condensing raindrops in the 
atmospheric science area, the effects of surfactants on the for- 
mation and motion of vapor bubbles in boiling heat transfer, 
two-phase flow, combustion of fuel droplets, spray drying, and 
direct contact heat and mass transfer. The nuclear industry also 
benefits from this study, as it will contribute to the design of the 
nuclear reactor containment spray system where surfactants 
are likely to be present. 

In this study, the following effects have been examined spe- 
cifically: 

1. The effect of monolayer surfactant on the surface condi- 
tions, i.e., surface equilibrium conditions and surface tension 
distribution. 

2. The effect of monolayer surfactant on the fluid motion 
inside the droplet. 

3. The condition for the formation of surfactant cap from 
monolayer surfactant on the drop surface. 

CONCLUSIONS AND SIGNIFICANCE 

The effects of insoluble monolayer surfactants on the internal 
circulation of a condensing droplet in high Reynolds number 
flow have been investigated for droplet radii ranging from 100 
to 1,000 pm. The surfactant surface diffusivity varies from 
to 10-3 m2/s. 

It is found that surfactants with lower surface diffusion 
coefficients are more effective in weakening the strength of 
internal circulation. This may be explained by the convection- 
diffusion balanced transport mechanism on the surface. 
Droplets with more total amount of the same surfactant have 
slower internal motion because that much more surface area 
is under surfactant concentration gradients, which oppose the 

internal motion. The surfactant is found to be more effective 
on smaller droplets. It is shown that faster internal motion with 
larger surface diffusion coefficient will result in similar sur- 
factant concentration distribution to that of slower internal 
motion with a smaller surface diffusion coefficient. Since the 
concentration distribution is governed by the surface Peclet 
number, Pe, = R AR2/Ds ( R  is the droplet radius, AR2 is the 
strength of internal motion, and D, is the diffusion coefficient), 
for a given droplet size, the strength of internal circulation is 
balanced by the surface diffusion coefficient. In general, sur- 
factant concentration rises sharply after the equator, and the 
strength of the internal motion ranges from one order of mag- 
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nitude smaller than the free stream velocity for slight surfactant 
contamination to almost a complete stop in motion for high 
surfactant contamination. The total drag coefficient decreases 
with increasing internal circulation. 

The current study provides fundamental understanding of 
the effects of insoluble monolayer surfactant on the internal 
motion of condensing droplets that are seen in any important 
transport processes. 

LITERATURE REVIEW 

The motion of a fluid sphere in another immiscible fluid was first 
solved theoretically by Hadamard (1911) and Rybczynski (1911) 
for low Reynolds number flow where the inertia term was ne- 
glected. Also neglected in their analyses was the existence of surface 
active material. The continuity of shear stress and tangential ve- 
locity were the interfacial conditions. But their results were not 
confirmed by experiments (Harper, 1972). This led Boussinesq 
(1912) to hypothesize that a skin that inhibits the internal circula- 
tion can form around a moving droplet. He obtained an exact so- 
lution for creeping flow past a droplet under the assumption that 
the interfacial behavior could be described by the Newtonian 
surface fluid model and that surface tension and the two surface 
viscosities were independent of position and phase interface. The 
results of Boussinesq's analysis do not appear to be in any better 
agreement with available experimental data than those of Hada- 
mard and Rybczynski, Neither the analysis of Boussinesq nor the 
theory of Hadamard and Rybczynski considers the effect of sur- 
f actant. 

The significant effects of surface active material have been re- 
alized and been under extensive research only during the past 30 
years. Savic (1953) first observed that when a bubble rises through 
a liquid containing surface active impurities, the fluid motion near 
its surface is slowed down or stopped. In some situations, a mo- 
tionless film is adsorbed onto the rear part of the surface, while the 
remainder of the surface is practically free to move and has very 
little material adsorbed on it. Savic also began his theoretical study 
for the case of spherical drops moving at Reynolds numbers much 
smaller than unity, with negligible small interior viscosity and 
bearing rigid spherical caps. Savic's approximate numerical solution 
has been improved by Griffith (1962) and Davis and Acrivos 
(1966), who reported numerical difficulties for small caps under 
low Reynolds number flow. This cap model was further investi- 
gated by Harper (1973) through asymptotic solution for small 
Reynolds numbers. He obtained the drag coefficient from the value 
of a completely surfactant-free surface through a perturbation 
method, concluding that this model is often a good one if the sur- 
factant is highly active and the Peclet number is high. Wasserman 
and Slattery (1969) also investigated the creeping flow past a fluid 
globule when a trace of surfactant is present; the result of a per- 
turbation analysis show that the internal circulation and the free 
moving velocity are highly sensitive to small changes in surfactant 
concentration, although the bubble varies imperceptibly from a 
spherical shape. Recently, Sadal and Johnson (1983) obtained exact 
flow solutions for a fluid sphere with a surfactant cap in low 
Reynolds number flow. Lochiel (1965) presented empirical 
equations that predict the effect of small quantities of surfactants 
on mass transfer across a spherical interface for both small and large 
Reynolds numbers. The large Reynolds number solutions are valid 
only for bubbles. Levich (1962) presented an extensive analysis of 
the fall of a droplet under circumstances such that only the con- 
tinuous phase contains surfactants in creeping flow. 

Experimentally, Elzinga and Banchero (1961) observed that a 
tiny amount of fine solids of colloidal dimensions gradually col- 
lected at the interface and was swept around to the rear of the 
droplet. Kintner (1963), Harper (1972), and Clift et al. (1978) have 

reviewed the literature on the effects of surfactants on the motion 
and transport mechanism of bubbles and droplets. They have found 
that almost all the research has been done in the area of surfactant 
cap on a bubble in creeping flow condition. In the present study 
we are concerned with the droplets contaminated with monolayer 
insoluble surfactants. The contamination is slight and no surfactant 
cap is formed. A high Reynolds number flow is assumed. We have 
not found similar investigations in the literature. 

ANALYSIS 

We consider a droplet of density, pi, dynamic viscosity, p i ,  and 
temperature, To,  moving at a steady velocity, U , ,  in a quiescent 
pure vapor environment of temperature T, (T, > To) and at- 
mospheric pressure. The condensing droplet is contaminated ini- 
tially with surfactants that are relatively insoluble to both phases. 
Condensation is taking place on the surface of this droplet. Figure 
1 shows the schematic of the system. 

Basic assumptions in the analysis are as follows: 
1. The fluid motion is steady. The vorticity diffusion time, 

R 2 / v ~ ,  is typically at least one order of magnitude smaller than the 
droplet lifetime, Tide, 

?life = plc, AT( 4/3) xR3/ (M/2 T R T ) ' / ~ A ~ ( ~ x R  ' )hfg  

where the driving force for pure steam condensation, Ap, is equal 
to Zup,/pl, u is the surface tension coefficient, and R is the uni- 
versal gas constant. Since (cpATpl) / (hfgpg)  > O(1OO) for this 
analysis, the vorticity diffusion time is at least one order of mag- 
nitude smaller than the droplet lifetime. 

2. The droplet is initially contaminated with surfactant and the 
surfactant concentration distribution on the droplet surface is at 
steady state. The surfactant diffusion time, RZ/D, ,  is also much 
smaller than ?life. 

3. The surfactant distributes as a monolayer on the droplet 
surface. This imposes a limitation on the maximum surfactant 
concentration or the total amount of surfactant. Beyond the limit, 
surfactant cap will be formed (Berg, 1972; Gaines, 1966). 

4. The interface is smooth and is free of wavy motion due to 
surfactants. 

5. The viscous dissipation, compressibility effects, and expansion 
work are neglected. 

6. The droplet remains spherical. 
7. The Reynolds number, Re = U,R/v,, is of the order of 

loo. 
8. The effect of condensate on the droplet internal motion is 

negligible and the increase in droplet size is therefore also neglected 
due to the fact that the droplet radius will grow only around 1% 
(Chung and Chang, 1982). 

9. The surfactant monlayer is always separating the liquid and 
vapor phases, i.e., the condensate penetrates the surfactant layer 
immediately after it reaches the surface. Swisher (1970) and Rosen 
(1978) discussed this phenomenon. 

Since the vapor phase Reynolds number is assumed 0(100), the 
fluid motion inside the droplet will have a Reynolds number 

U,R Rel = - 
V l  
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VAPOR FLOW 

"I 

Figure 1. Schematic and coordinates system. 

of the order of 100 even for U , / U ,  = 0(10-2) because of the 
difference in kinematic viscosities. Urn is the liquid interface ve- 
locity at the equator (0 = goo) and it is the maximum velocity in 
the liquid phase. Therefore, the analysis of the liquid phase flow 
will also be based on the assumption of high Reynolds number. The 
validity of the assumption will be examined later. For high Rer, 
three separate regions of flow can, in general, be discerned (Harper 
and Moore, 1968), i.e., a boundary-layer type flow near the surface 
of the droplet, an internal wake that follows the boundary layer, 
and an internal core that is surrounded by the boundary layer and 
the internal wake. The internal core is essentially inviscid and is 
represented by the Hill's vortex. See Figure 1 for schematics of the 
mathematical model. 

Internal Core Region 

is given by the stream function (Milne-Thomson, 1968) 
Hill's vortex in the spherical coordinates with axisymmetric flow 

$0 = -1/2Ar2(R2 - r2)  sin2B (1) 

where A is the strength of the vortex. In general, it is a function of 
the viscosity and density ratios between vapor and liquid phases. 
But it is also a function of the surfactant distribution at the interface 
for droplets contaminated with surfactants. The determination of 
this strength A is the main objective of this study. 

The full strength, A = (3/2)U,/R2, was found to be the case of 
bubbles rising in a liquid environment (Clift et al., 1978). For oil 
droplets in gas surroundings, Prakash and Sirignano (1978) found 
that (U , ) / (AR2)  = 0(10), i.e., the strength is one order of magni- 
tude smaller than the full strength. But both analyses neglect the 
effects of surfactant. The current analysis is aimed at finding the 
strength for a contaminated condensing droplet moving in its own 
vapor. Due to the three-region structure of the liquid phase, the 
boundary-layer region has to be investigated first and then a 
matching of velocity at the common boundary between the 
boundary layer and the internal core is performed to determine 
the strength of the internal core. 

Liquid Boundary Layer 

The method similar to those used for the study of bubble motion 
(Harper and Moore, 1968) is also considered appropriate for the 
current problem. The boundary-layer flow is assumed basically 
a perturbed Hill's vortex motion, that is, 

ij = Go + U', 10'1 << luol 

P = P o  + P', P' <<Po (2 )  

where the subscript u refers to Hill's vortex solution, and the prime 
refers to the perturbation. As indicated by Harper and Moore 
(1968), Hill's spherical vortex, go, is an exact solution of the full 
Navier-Stokes equation, and at r = R ,  it is a streamline. But a dis- 
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continuity of shear stress will result at the interface if Hill's spherical 
vortex for the inside of the droplet and the potential flow for the 
outside are used. This explains the need for a perturbation solu- 
tion. 

Equation 2 should satisfy the following continuity and Navier- 
Stokes equations: 

v - i i = o  (3)  
5- vu = -(l/pr)VP + v1v2u (4) 

(5) 

(6) 

As mentioned above, 6, and Po also satisfy 3 and 4, therefore 

V .2 ) '=0  

6' * vu, + uo - DV' = -(l/p1)VP' + V,V%' 

The Navier-Stokes equation is thus linearized. 
Next, we rewrite Eqs. 5 and 6 in terms of curvilinear coordinates 

with x measuring along the droplet surface from the forward 
stagnation point and y normal to the droplet surface, outward as 
positive and inward as negative. We obtain 

b b - (v&) + - ( u p , )  = 0, R, = R sin$, y = r - R 
bX bY 

(7) 

where 6, = (vo~,voy)  and 5' = (v;,v')  Under the assumption of high 
Reynolds number, the boundary-fayer thickness, 61, is thin. Thus 
we can make the following simplification: 

v,, = -AR2 1 - 2 7 sin0 ( 3 
vOy = AR2 (1 - $) cod  

Before we substitute Eqs. 10 and 11 into Eqs. 8 and 9, Eqs. 8 and 
9 have to be further simplified. Let us nondimensionalize Eqs. 7 ,  
8, and 9 by using R for x and y, AR2 for all velocity components, 
and p,Ui  for pressure. The dimensionless Eqs. 7, 8, and 9 be- 
come 

b b - (v: sin@ + - (vb sins) = o 
bX dY 

, bv, I dv,, bV, dV' 
0,- + vy- + v,, 2 + voy -2 

bX bY bX bY 
bP' 1 3%' b2v, + - 2+ - (13) =--  
bx Re, (  ax2 dyz') 

I avo 
vx- bX + v;% dY + v,,% bX + voys dY 

Re1 = (U,,,R)/v,, Urn = AR2 

Next, let us assume that 
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v:  = O ( E )  and E << 1 (15) 

Keeping only the terms of the order of c, Eqs. 13 and 14 be- 
come 

After substituting Eqs. 10 and 11, Eq. 16 becomes 

In a curvilinear axisymmetric flow, the vorticity, a’, is defined 
as 

w -  LP. l  do; 
dx a y  

Next, differentiate 17 with respect to x and 18 with respect toy and 
then take the difference between them. This results in the following 
vorticity equation: 

(20) 
dw’ dw’ 1 d2w’ 

-w’ cos0 + sins - - 2(cos8)y - = - - 
d X  by Re1 by2 

Introduce 

and 

x = (213 - coso + (‘/3) cos.10) (22) 

Y = (Rel)1/2y sin2d 

Equation 20 becomes 

It is noted that the boundary-layer vorticity Eq. 23 is not ex- 
pected to be valid either close to the forward stagnation point (X - O), where X is no longer of 0( I), or near the rear stagnation point 
(X - 4/3), where Y is not of O(S). Some of the neglected terms may 
be of the same order as those retained. 

The corresponding boundary conditions for Eq. 11 are discussed 
for Y = 0, droplet surface, Y + w, inner boundary of the boundary 
layer, and the continuity equation between the forward and the 
rear stagnation points. 

Y = 0, droplet surface. A shear stress balance equation at the 
interface is now developed for the liquid phase. Unlike most 
analyses, where surfactant-free systems were assumed, an addi- 
tional force, F,(O), due to the surfactant concentration variation, 
is added to the total force experienced by the liquid phase in ad- 
dition to skin drag, F,(O), due to relative motion between liquid 
and vapor. It is noted F ,  and F D  are acting in opposite directions. 
Internal motion is induced by F D ,  while F ,  slows it down. 

In terms of vorticity function, we obtain 

(25) 

Y - w, interface between core and boundary layer. As required 

by a smooth match with the internal core flow, the perturbed 
vorticity, W’, should be vanished at the interface of core and 
boundary layer: 

W’+OasY -+ (26) 

X = X,, starting point of boundary layer. This boundary con- 
dition is specified at a small finite distance from the forward 
stagnation point, where Eq. 23 is approximately valid. Due to the 
looping motion of the flow field inside the droplet and the inviscid 
nature of the internal wake, a condition proposed by Harper and 
Moore (1968) is also appropriate here: 

W’(X,,Y) = W’(X,,Y) 

= Y(Y) (27) 

Equation 27 indicates that the vorticity at the tail portion of the 
boundary layer (X = X , ,  small finite distance before the rear 
stagnation point) is convected with no diffusion from near the rear 
stagnation point, through the internal wake, and back to the for- 
ward stagnation point region. This vorticity will reenter the front 
boundary layer at X = X,. 

The shear stress due to relative rnotion between liquid and vapor 
phases, F,(o), is generated from the boundary-layer analysis of 
the vapor phase; the details of the vapor phase calculation are given 
in Chung and Chang (1982). 

The surfactant induced force, F,(O),  is evaluated based on a 
steady convection-diffusion balance model given by Levich 
(1962) 

(28) 

where S is the source or sink for the case of soluble surfactants. 
Therefore, S is zero in this analysis of insoluble surfactants. 

A fixed amount of surface active material initially adsorbed by 
the droplet will stay at the interface and will establish a steady state 
distribution according to Eq. 28. I‘ is the surfactant surface con- 
centration, and D, is the coefficient of two-dimensional surface 
diffusion and is assumed a constant in this analysis. For a spherical 
droplet, Eq. 28 becomes 

s = v .  (ru) - V .  (usor) 

Integrating Eq. 29 from o = 0 to o = 8, it becomes 

It has been well accepted that, for a dilute monolayer surfactant 
(Berg, 1972) 

where (r is the surface tension, R is universal gas constant, and T 
is absolute temperature. 

Using Eq. 31, we rearrange Eq. 30 as follows: 

Solving r from Eq. 30, Eq. 32 becomes 

-1 da  F,(O) = - - 
R do 

(33) 
KT 
0 s  

= - r , A R 2  sin8[exp(Pes(l - coso))] 

where I?, is the surfactant concentration at X = X,, and Pe, is the 
interface mass transfer Peclet number, which is defined as R 
AR 2 /  D,. 
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SOLUTION PROCEDURE 

The solution of Eq. 23 was obtained from Carslaw and Jaeger 
(1973) and is as follows: 

- exp(-(Y + ~’)2/4X]dY’ - 3erfc(Y/2X@) + ~ ( x , Y )  (34) 

where $(X,Y) is the particular solution corresponding to the second 
term on the right-hand side of Eq. 25. It is noted that d(X,Y) is also 
a function of AR2 implicitly. Due to the analytical nature of Eq. 
34, the second term of Eq. 25 was numerically fitted with third- 
order polynomial of X.  The fitting was done sectionally because 
the reverse in sign for the total drag force after the separation point 
where the drag from vapor phase is negligibly small and the surface 
tension drag is dominant. 

The iteration cycle for evaluating AR2 is now explained as fol- 
lows: 

1. First, an initial guess was made for the Hill vortex strength, 
AR 2.  

2. Evaluate the shear stress due to the vapor phase. This requires 
another interaction cycle in the vapor boundary analysis; it is dis- 
cussed in more detail in Chung and Chang (1982). 

3. Obtain F,(B) from Eq. 33. 
4. Solve for a new AR2 from Eq. 34. The procedure is outline 

Based on Eq. 27, we write Eq. 34 in the following form: 
below. 

1 nm 

y(Y’)[exp(-Y - Y’)2/4Xe) 
2(aie)1/z 3,- 
- exp(-(Y + Y’)Z/~X,)]~Y’ - 3 erfc(y/2x:l2) 

+ d(Xt.>Y) = y(Y) (35) 

Following the procedure from Harper and Moore (1968), Eq. 35 
is further rearranged into gl and gz, such that 

(36) 
AR 

-0) = 3 g W  + z g Z ( y )  

and 
1 

- exp(-(Y + Y’)2/4Xe)]dY’ - erfc(~/2X;/’) (37) 

8 

N‘ 

a 

I R:100pm 
2 00150 

u /  c------- ---- ----- 
SURFACTANT FREE DROPLET N i 001251 

F 00100 

2 00050 
P 

NATURAL LOGARITHMIC TOTAL AMOUNT OF SURFACTANT, 
&(a g-mole x 1018) 

Figure 2. Vortex strength of internal motion vs. total amount of 
surfactant for 100 pm droplets. 

1 2 3 4 5 6 7 8 9  
NATURAL LOGARITHMIC TOTAL AMOUNT OF SURFACTANT, 

A u  (a g-mole x 1016) 

Figure 3. Vortex strength of internal motion vs. total amount of 
surfactant for 250 and 500 p droplets. 

U 
AR 

- exp(-(Y + Y’)2/4X,)]dY’ + + +(Xe,Y) (38) 

Equations 37 and 38 were solved iteratively. The updated Hill 
vortex strength was then obtained according to Eq. 26: 

(39) 

5. Check whether the two successive iterates of AR2 satisfy the 
convergence criterion. 

RESULTS AND DISCUSSION 

Parametric calculations were performed for condensing water 
droplets moving in their own vapor with different amounts of 
surfactant contamination. The ambient vapor temperature is 
150°C; the droplet initial temperature, 75°C. Detailed information 
on condensation heat and mass transfer is given in Chung and 
Chang (1982). Droplet radius investigated ranges from 100 to lo00 
pm, which result in flows in the high Reynolds number regime. 
The information on diffusion coefficients of a surfactant monolayer 
is very limited in the literature. The only useful data found were 

5 a ’ 00 0 5  10 I 5  2 0  2 5  30  35 
OIMENSIONLESS DISTANCE FROM FORWARD STAGNATION WINT, 

X / R  RADIAN 

Figure 4. Surfactant concentration along the droplet surface. 
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Figure 5. Region of validity for current theory. 

the experimental measurements of Sakata and Berg (1969). They 
reported diffusion coefficients ranging from to m2/s for 
myristic acid monolayer film in liquid phase on a water substrate. 
They also concluded that the diffusion coefficient strongly depends 
on the phase of the monolayer. They did not report any diffusion 
coefficient for gaseous phase surfactant film. It was estimated that 
the diffusion coefficients for gaseous type monolayer would be as 
high as 10-3 m2/s based on two-dimensional Stokes-Einstein 
relation. Therefore, the diffusion coefficients vary from to 
10-3 mz/s in present parametric calculations. 

Figures 2 and 3 show the variations of the normalized vortex 
strength as a function of the total amount of surfactant, Q in gmol, 
at the interface. The vortex strength is normalized by the full 
strength of Hill's vortex, i.e., 3/2U,. The horizontal dashed lines 
in the upper portion of these figures represent the normalized 
vortex strength for identical system conditions except the droplet 
is surfactant free. These dashed lines provide a direct comparison 
of the effects of surfactant on the strength of vortex. It is apparent 
that surfactants with lower surface diffusion coefficients are more 
effective in weakening the strength of internal circulation. This 
may be explained by the surfactant transport mechanism on the 
droplet surface. Surfactants are generally brought toward the rear 
stagnation point by the surface convective motion, while an equal 
amount of the surfactant has to be transported toward the forward 
stagnation point by diffusion process to maintain a balance at steady 
state. Therefore, a very steep concentration gradient is required 
for the diffusive back flow to balance the more efficient convective 
flow. Therefore, the smaller the surface diffusive coefficient, the 
Steeper the surfactant concentration gradient and, in turn, a higher 
surface tension gradient to slow down the internal motion. An ex- 
pected general trend is that more surfactant on the droplet surface 

TABLE 1 

C, CF C D  

Rigid Sphere' 0.5100 0.5900 1.0960 
Water Drop in Air' 0.4900 0.5900 1.0800 

_ _  AR2 - 0.012 
0.022 
0.0662 
0.1112 

Bubble' 

0.4899 0.6671 1.1617 
0.4913 0.6634 1.1609 
0.4698 0.6438 1.1268 
0.4450 0.6235 1.0885 
0.1810 0.2240 0.4050 

Data from Clift et al. (1978) 
2 Current calculations. 

15 20 25 30 
OlMENSlONLESS DISTANCE FROM FORWARD STAGNATlON POINT, 

X / R  RADIAN 

Figure 6. Comparison of drag coefficients among contaminated 
droplets, solid spheres, and air bubbles. 

always results in slower internal motion because the concentration 
gradient covers more surface area, as shown in Figure 4. 

Figure 4 plots the normalized surfactant concentration along 
the droplet surface. Surfactant concentration is normalized, based 
on its value at the near stagnation point. Curves 1 and 2 examine 
the effects of different surface diffusion coefficients for 250 g m  
droplets where curve 1 with D, equal to 7.5 X m2/s and curve 
2 with D, equal to 7.5 X 10-7 mz/s. It is interesting to note that 
curve 1 and curve 2 are very similar to each other, which may be 
explained as follows: D, for curve 1 is ten times larger than that of 
curve 2 and vortex strength for curve 1 is about ten times larger 
than that of curve 2, as shown in Figure 3. Therefore, faster con- 
vection with larger D, will result in similar surfactant concentration 
distribution to that of slower convection with smaller 0, for 
droplets of the same radius. This may also be seen from Eq. 33 

r = ro exp[Pe,(l - COS~)] ,  Pe, = R e  AR2/D, (40) 

where AR2/D, is the unique parameter for a given R .  
Curve 3 was plotted to compare with curve 1 for a different total 

amount of surfactant. For the same D,, more total amount of sur- 
factant on the droplet corresponds to much more surface area with 
concentration gradient and less steep surfactant concentration 
variations along the droplet surface. In general, the surfactant 
concentration exhibits a sharp rise after the equator (0 = 90") and 
the surfactant concentration is negligibly small before the sharp 
rise. This is typical of the convection-diffusion balance system as 
explained above. 

Attention should also be given to the limits of current analysis. 
First, the surfactant concentration should not be lower than those 
that would invalidate the continuum assumption adopted for the 
surfactant transport mechanism. This lower limit was established 
based on the microscopic theory that the two-dimensional mean 
free path of surfactant molecules is small compared with the 
droplet radius. The above theory requires that the surfactant 
concentration be larger than mol/m2. The upper limit of 
surfactant concentration was based on the theory that if the sur- 
factant molecules are too dense to maintain a monolayer film, then 
they will collapse into a thick immobile layer, and the current 
model also becomes invalid. 

Many researchers have addressed the problem of an immobile 
cap on a bubble or a drop in low Reynolds number flow. Berg 
(1972) provided a criterion for the collapse of monolayer on water. 
The upper limit was found to be around 10-5 mol/m2 for this in- 
vestigation. All the cases reported here are within the limits given 
above. Since the surface concentration depends strongly on the 
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diffusion coefficient, the range where the current theory is valid 
as a function of the diffusion coefficient was plotted in Figure 5. 
The area bounded by the two solid lines is the region of validity. 
This plot was obtained by requiring the concentration at the front 
stagnation point by mol/m2 and the concentration at the rear 
stagnation point does not exceed 

It is also interesting to examine the drag coefficient and the 
surface pressure distribution of a contaminated condensing droplet. 
The form drag coefficient, C,, the friction drag coefficient, C F ,  
and the total drag coefficient, Co,  defined as the total drag force 
divided by l/ZpUt, are given in Table 1 for a contaminated con- 
densing droplet with vortex strength (AR2/U,)  of 0.01,0.02,0.066, 
and 0.11 1. Also given in Table 1 is the corresponding drag coeffi- 
cients for noncondensing and surfactant free rigid sphere, water 
drop in air, and gas bubble (Clift et al., 1978). The formulas for 
calculating these coefficients of a condensing droplet are given by 
Sadal and Ayyaswamy (1983). The drag coefficient, due to mo- 
mentum flux, which is nonzero for condensing droplets because 
of its nonzero interfacial normal velocity, is not given in the table. 
It is two orders of magnitude smaller than C, and CF. It is seen 
from Table 1 that Cp is smaller and CF is larger compared to water 
drop in air without condensation, which is mainly due to the con- 
densation-induced normal interfacial velocity, and the total drag 
coefficient is also larger. But, for condensing droplets, C,, CF, and 
Co,  all decrease with increasing AR2/U, .  Figure 6 shows the di- 
mensionless surface pressure distributions for condensing droplets 
with different vortex strengths up to the point of flow separation 
because the current model is not \d id  after the separation point. 
Pressure distributions for bubble and solid sphere and that calcu- 
lated from potential flow are also included for comparison. As 
expected, the surface pressure distributions of condensing droplets 
fall between those of a solid sphere and a gas bubble. Also noted 
is that these calculated pressure distributions are closer to that of 
a solid sphere as the droplet is more like a solid sphere than a gas 
bubble. This is explained further because the pressure distribution 
of the droplet with weaker internal motion, A R 2 / U ,  = 0.01, is 
closer to that of a solid sphere than that of the droplet with A R 2 / U ,  
= 0.1. 

mol/m2. 
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NOTATION 

= strength of Hill’s vortex 
= drag coefficient 
= friction drag coefficient 
= pressure drag coefficient 
= specific heat at constant pressure 
= binary diffusion coefficient 
= surface diffusion coefficient of the surfactants 
= skin drag force 
= surface tension gradient force 
= unknown function of (Y) used in Eq. 36 
= unknown function of (Y) used in Eq. 36 
= latent heat of vaporization 
= pressure 
= surface Peclet number ( = R  A R 2 / D s )  
= Prandtl number (= C J K )  
= total amount of surfactant on the droplet surface 
= droplet radius 

= universal gas constant 
= radial distance from the droplet center 
= Reynolds number (= U,R/ u )  
= liquid phase Reynolds number (= U,,,R/vl) 
= normal distance fom the axis of symmetry 
= sink or source in Eq. 28 
= absolute temperature at the interface 
= droplet initial temperature 
= ambient temperature 
= maximum interfacial velocity 
= free stream velocity 
= velocity vector in the liquid boundary layer 
= tangential velocity component in the liquid boundary 

= normal velocity component in the liquid boundary 

= transformed nondimensional perturbation vorticity 

= transformed coordinate of 8 defined by Eq. 22 
= curvilinear coordinate along the drop surface 
= transformed coordinate defined in Eq. 22 
= normal coordinate from the droplet surface 

layer 

layer 

defined in Eq. 21 

Greek Letters 

= surfactant surface concentration 
= surfactant surface concentration at X = X o  
= unknown function of Y used in Eq. 35 
= dimensionless liquid boundary-layer thickness 
= small parameter representing the order of magnitude 

= tangential coordinate in spherical coordinates 
= dynamic viscosity 
= kinematic viscosity 
= density 
= time 
= particular solution of Eq. 23 corresponding to the 

= surface tension coefficient 
= Hill’s vortex stream function 
= nondimensional perturbation vorticity 

of the perturbed quantities 

second term of the right-hand side of Eq. 25 

Subscripts and Superscrlpt 

1 = liquid phase 
0 = Hill’s vortex solution 
X = tangential component 
Y = normal component 
a = ambient, far away from the droplet 

= perturbation component r 
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